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We study the subregion complexity in a semi-analytical holographic QCD model. Two
cases with different warped factor are considered and both can realize confinement-
deconfinement transition. By studying the behavior of the renormalized holographic com-
plexity density Cˆ versus the subregion length scale ℓ, we find that for both cases, Cˆ always
experiences a discontinuity at certain critical value ℓc in confinement phases, while it is
always continuous in deconfinement phases. This property may be seen as a signal to char-
acterize confinement or deconfinement phases. The behavior of Cˆ versus the temperature
and chemical potential is also investigated and our results show that Cˆ exhibits behavior
characterizing the type of the transition. That is, it experiences a discontinuity at the tran-
sition temperature for µ < µc where first-order confinement-deconfinement phase transition
happens, while it is always continuous for µ > µc where the transition turns into a turnover.
These results imply that the renormalized holographic complexity density may be used as a
good parameter to characterize the corresponding phase structures.
PACS numbers: 11.25.Tq, 12.38.Mh, 03.65.Ud
I. INTRODUCTION
Past decades have witnessed the great successes of application of AdS/CFT [1–3] or the more
generic gauge/gravity duality in various areas of modern theoretical physics, such as condensed
matter physics (CMT) [4–8], QCD [9–11], quantum information theory (QIT) [12–14] and cosmol-
ogy [15] and etc. By connecting physical quantities in the boundary quantum field theories (QFTs)
to certain geometric quantities in the gravity side in the bulk, it may help deepening our under-
standing of both the strongly coupled problems in the QFTs side as well as the origin of spacetime
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2in the gravity side. To achieve this goal, one should try to find the dictionary to know how the two
sides are connected exactly. After decades’ efforts of physicists, several concrete correspondences
between the two sides are proposed. The most recent one is trying to connect the complexity in the
boundary QFTs to some geometric quantity in the gravity side [16]. In QFTs (or QIT), complexity
of a state is an important concept defined as the minimum number of unitary operators (or gates)
needed to produce the state of interest from some reference state. At present, there are two concrete
proposals, namely the CV (complexity=volume) and CA (complexity=action) conjectures. In the
CV conjecture, complexity of the boundary state living on a time slice Σ equals to the extremal
volume of a codimension-one hypersurface B in the bulk ending on Σ at the boundary [17], that is
CV (Σ) = max
∂B=Σ
(
Vol(B)
Gd+1R
)
, (1)
where Gd+1 is the gravitational constant in (d+1)-dimensional asymptotical AdS spacetime and R
is some length scale characterizing the bulk geometry, for example the AdS radius or the horizon
radius. The CA conjecture states that complexity of the boundary state equals to the on-shell
gravitational action on the so-called Wheeler-DeWitt (WDW) patch of the bulk spacetime [18, 19].
Each conjecture has its own advantages and disadvantages [20]. Inspired by these ideas, there
raises an intensive interest in studying the holographic complexity for various holographic gravity
models to check these proposals [21–56].
It should be noted that the above two conjectures of holographic complexity are proposed for the
whole boundary system. They both have been extended to be defined on subsystem respectively in
Refs. [57] and [52], and one may call them holographic subregion complexity. In the subregion CV
proposal, complexity of a subregion B of the boundary system equals to the volume of the extremal
codimension-one hypersurface ΓB enclosed by B and the corresponding Hubney-Ryu-Takayanagi
(HRT) surface γB [58, 59], that is
C(B) = Vol(ΓB)
8πGd+1L
. (2)
Here L is the AdS radius and the constant factor 8π is irrelevant but just a convention. Actually,
it has been suggested to be dual to the fidelity susceptibility in QIT [57, 60]. While in the sub-
region CA proposal, complexity of subregion B equals to the on-shell gravitational action on the
intersection region between WDW patch and the so-called entanglement wedge [61, 62]. There are
also lots of work and effort devoted to understand the holographic subregion complexity [63–76].
Our main goal in this work is to investigate the holographic subregion complexity in a class of
holographic models intending to mimic the real QCD physics. As we have already known for a
3long time, it is an extremely challenging problem to understand QCD physics at low energy regime
where quarks are confined. As a strong/weak duality, AdS/CFT may provide us powerful tools
to deal with this strongly-coupled problem by mapping it to a weakly-coupled and simpler gravi-
tational problem, and thus may help us to understand essential properties of QCD, especially the
confinement-deconfinement transition. There have been already several holographic QCD mod-
els, either from a top-down approach which can be reduced from a more fundamental theory
(string theory for examaple) or from a bottom-up approach which is constructed phenomenologi-
cally to fit lattice results, including Gubser’s model [77–79], the improved holographic QCD model
(IHQCD) [80–84] and the semi-analytical holograpic QCD model [85–91]. Each model can realize
part key properties of the real QCD, but none can realise the whole QCD physics. In this work,
we will focus on the semi-analytical holographic QCD model. It is an Einstein-Maxwell-dilation
system having the merit that it allows semi-analytical black hole solutions which can be used to
study the dual QCD physics at finite temperature. The black hole solutions are determined by
two unfixed functions, one is the gauge kinetic function f(φ) representing the coupling between
the gauge field and the dialton and the other is the warped factor A(z) describing deformation
from the standard AdS spacetime. By choosing appropriate forms of the two functions, this model
can realise the vector meson spectrum holographically which agrees well with the lattice result.
Moreover, it can also realise the confinement-deconfinement transition for at least two choices of
the warped factor. In Ref. [91], the authors apply the holographic entanglement entropy (HEE)
to probe the confinement-deconfinement transition in this model. Their results show that HEE
may be a good parameter to characterize the corresponding phase structures. Also see Ref. [92]
for a related work but in Gubser’s model. As there is a deep connection between entanglement
entropy and complexity, it is natural and interesting to see if the complexity can also be used
to probe this transition. In Ref. [93], in Gubser’s model, with the CA conjecture we show that
holographic complexity can be a good parameter to characterize the corresponding phase struc-
tures (see also Ref. [94]). In this work, we will apply the subregion CV conjecture Eq. (2). As
we will show in the main context, the holographic subregion complexity can be used to probe the
confinement-deconfinement transition as well.
The work is organized as follows. In Sec. II, we will briefly review the semi-holographic QCD
model. Then we discuss its thermodynamics and phase structures in Sec. III. In Sec. IV, we study
the holographic subregion complexity with the subregion CV conjecture to probe the confinement-
deconfinement transition. The last section is devoted to summary and discussions.
4II. HOLOGRAPHIC QCD MODEL
In this section, we briefly review the holographic QCD model that has been previously stud-
ied thoroughly in Refs. [85–91]. In Einstein frame, the model is described by a five-dimensional
Einstein-Maxwell-dilaton action as
S =
1
16πG5
∫
d5x
√−g
[
R− f(φ)
4
FµνF
µν − 1
2
∂µφ∂
µφ− V (φ)
]
, (3)
where G5 is the Newton constant in five dimensions. The Maxwell field is coupled to the dilaton
through the gauge kinetic function f(φ). V (φ) is the dilaton potential. From the action, the
equations of motion can be derived
Rµν −
1
2
gµνR =
f(φ)
2
(
FµρF
ρ
ν −
1
4
gµνF
2
)
+
1
2
[
∂µφ∂νφ−
1
2
gµν(∂φ)
2 − gµνV (φ)
]
, (4)
∇µ[f(φ)Fµν ] = 0, (5)
∇2φ = ∂V
∂φ
+
F 2
4
∂f
∂φ
. (6)
To study QCD at finite temperature holographically, we need to find black hole solutions. To
achieve this goal, we assume the following ansatz
ds2 =
e2A(z)
z2
[
−g(z)dt2 + dz
2
g(z)
+ d~x2
]
, (7)
Aµ = (At(z), 0,~0), φ = φ(z), (8)
where the horizon zH is given by the smallest root of the equation g(zH ) = 0, and z = 0 corresponds
to the conformal boundary. For the sake of simplicity, we have set the radius of AdS5 to be unit
by scale invariance.
With this ansatz, the equations of motion become
A′′ + 3A′2 +
(
3g′
2g
− 6
z
)
A′ − 1
z
(
3g′
2g
− 4
z
)
+
g′′
6g
+
e2AV
3z2g
= 0, (9)
A′′ −A′2 + 2
z
A′ +
φ′2
6
= 0, (10)
g′′ +
(
3A′ − 3
z
)
g′ − e−2Az2fA′2t = 0, (11)
A′′t +
(
f ′
f
+A′ − 1
z
)
A′t = 0, (12)
φ′′ +
(
g′
g
+ 3A′ − 3
z
)
φ′ +
(
z2e−2AA′2t
2g
∂f
∂φ
− e
2A
z2g
∂V
∂φ
)
= 0. (13)
To solve the above equations of motion, specific boundary conditions are needed. We expect that
the metric in the string frame to be asymptotic to AdS5 at the conformal boundary and the black
5hole solutions are regular at the horizon. In Einstein frame, these conditions turn out to be
A(0) +
√
1
6
φ(0) = 0, g(0) = 1, (14)
At(zH) = g(zH) = 0. (15)
The temporal part of the gauge field At has the following behavior at the conformal boundary
At(z) = µ+ ρz
2 +O(z4), (16)
where, according to the AdS/CFT dictionary, µ and ρ correspond to the chemical potential and
baryon density of the dual QCD respectively.
To solve the equations of motion, we should first know the exact form of the gauge kinetic
function f(φ). With the requirement of producing the linear vector meson spectrum, f(φ) can be
chosen to be a simple form
f(z) = e−cz
2−A(z), (17)
with this choice of f(φ), the equations of motion can be solved analytically as
g(z) = 1− 1∫ zH
0 y
3e−3Ady

∫ z
0
y3e−3Ady − 2cµ
2(
1− ecz2H
)2
∣∣∣∣∣∣
∫ zH
0 y
3e−3Ady
∫ zH
0 y
3e−3Aecy
2
dy∫ z
zH
y3e−3Ady
∫ z
zH
y3e−3Aecy
2
dy
∣∣∣∣∣∣

 ,
(18)
At(z) = µ
ecz
2 − ecz2H
1− ecz2H
, (19)
φ′(z) =
√
−6
(
A′′ −A′2 + 2
z
A′
)
, (20)
V (z) = −3z2ge−2A
[
A′′ + 3A′2 +
(
3g′
2g
− 6
z
)
A′ − 1
z
(
3g′
2g
− 4
z
)
+
g′′
6g
]
. (21)
From the metric, we can derive the Hawking temperature of the black hole
TH =
z3He
−3A(zH )
4π
∫ zH
0 y
3e−3A(y)dy

1 + 2cµ2
(
e−cz
2
H
∫ zH
0 y
3e−3A(y)dy − ∫ zH0 y3e−3A(y)e−cy2dy)(
1− e−cz2H
)2

 . (22)
From the above expressions, we can see that the black hole solution is fixed once the form of the
warped factor A(z) is given. In the limit zH →∞, g(z) = 1 and thus the above black hole solutions
reduce to a thermal-AdS solution. However, as emphasized in Refs. [90, 91], a little different from
the standard thermal-AdS solution, this thermal-AdS solution has a non-trivial bulk structure
because of having a non-zero warped factor.
6III. THERMODYNAMICS AND PHASE DIAGRAM
In this section, we will discuss the thermodynamics of the black hole solutions obtained in the
last section. From it, the phase diagram of the dual QCD can be reproduced. Before doing so, we
should first fix the parameter c and the exact form of the warped factor A(z).
With this model, one can obtain the vector meson mass spectrum holographically [87] which
depends on the value of the parameter c. And by comparing to the experimental data on the mass
of the lowest lying heavy meson states, the parameter c can be fixed as
c ≃ 1.16GeV2. (23)
For the exact form of the warped factor A(z), we may have many choices. In the next two
subsections, we will follow Refs. [90, 91] and consider two specific choices.
A. Case I: Standard confinement/deconfinement phases
In this case, the warped factor A(z) takes the following simple form
A(z) = −a¯z2, (24)
with a¯ = c/8 ≃ 0.145.
(a) Case I (b) Case II
FIG. 1: (color online) Hawing temperature TH as a function of the horizon radius zH for various chemical
potential µ. Solid lines denote stable branches and dashed ones denote unstable branches. Left: For
Case I, the red, green, blue, brown, cyan and magenta curves correspond to µ = 0, 0.2, 0.4, 0.5, 0.6 and
0.673(µc) respectively. Right: For Case II, the red, green, blue, brown and cyan curves correspond to
µ = 0, 0.1, 0.2, 0.312(µc) and 0.35 respectively.
In the left panel of Fig. 1, we plot the Hawking temperature TH as a function of the horizon
radius zH for various chemical potential µ. From the figure, we can see that for small chemical
7potential µ < µc = 0.673GeV, there exist two branches of the black hole solution for a given
temperature TH, one is stable (smaller zH) while the other (larger zH) is unstable. Beyond these
two branches, there is also another solution, the thermal-AdS solution. There is a first-order phase
transition between the stable black hole solution and the thermal-AdS, the so-called Hawking-Page
transition.
By comparing their free energies, which are functions of the temperature TH and the chemical
potential µ, we can obtain the transition temperature THP for various chemical potential, which
is shown in the left panel of Fig. 2. At zero chemical potential, THP ≃ 0.264GeV which agrees
well with the lattice result [95, 96] (Actually, we use this condition to fix a¯ to take the above
value.). When the chemical potential exceeds µc, the unstable branch of the black hole solution
and the Hawking-Page transition disappear, thus defining a critical point (µc, Tc). From the phase
diagram, we can see that the transition temperature decreases as the chemical potential increased,
qualitatively agreeing well with the lattice results for heavy quarks.
By calculating the free energy of the qq¯ pair holographically in this frame, one can observe that
this Hawking-Page transition is dual to confinement-deconfinement transition of the boundary
theory, with the thermal-AdS and AdS black hole correspond to confinement and deconfinement
phases respectively.
(a) Case I (b) Case II
FIG. 2: (color online) Phase transition temperature as a function of the chemical potential. Left: At zero
chemical potential, THP ≃ 0.264. The critical point (cp) is at (µc, Tc) = (0.673, 0.000159) with Tc being very
close to zero. Right: At zero chemical potential, THP ≃ 0.275. The cp is at (µc, Tc) = (0.312, 0.255).
8B. Case II: Specious-confinement/deconfinement phases
In this case, the warped factor takes a more complicated form
A(z) = −3
4
ln(az2 + 1) +
1
2
ln(bz3 + 1)− 3
4
ln(az4 + 1), (25)
with
a =
c
9
, b =
5c
16
. (26)
In the right panel of Fig. 1, the Hawking temperature of the AdS Black hole as a function of
the horizon radius zH for various chemical potential is plotted. From the figure, we can see that,
for a fixed temperature TH , there at most exist three branches of solutions, two are stable (a large
black hole (LBH) with small zH and a small black hole (SBH) with large zH , denoted with solid
lines) while the rest one is unstable (denoted with dashed line). There is also a similar Hawking-
Page transition between the LBH and the SBH. Beyond these three branches, there also exists the
thermal AdS solution. However, the thermal AdS solution always has a larger free energy than the
dominated stable black hole solution for fixed temperature, so it will not involved into the phase
transition.
By comparing the free energies of the LBH and the SBH, one can also obtain the transition
temperature THP which depends on µ. The full phase diagram is plotted in the right panel of Fig. 2.
Note that there also exists a critical point µc, above which the SBH branch and the Hawking-Page
transition disappear.
It is suggested that the above large-small black hole transition is dual to the confinement-
deconfinement transition in the dual boundary field theory. And the LBH and the SBH correspond
to deconfinement and confinement phases respectively. However, as pointed out in Ref. [90], SBH
is not a strict confinement phase as the corresponding expectation values of the Wilson loop and
Polyakov loop do not precisely take the desired value. However, in spite of this limitation, the
corresponding thermodynamic properties in this phase, such as the entropy of the qq¯ pair and
speed of sound, agree well with the lattice QCD results in the confined phase. So, in Ref. [90]
the SBH phase is called specious-confinement phase, to distinguish it from the standard confined
phase.
9IV. HOLOGRAPHIC SUBREGION COMPLEXITY
In this section, we will study the subregion complexity using the subregion CV conjecture
Eq. (2). For simplicity, we specify the subregion B to be a strip:
B : x1 ∈
[
− l
2
,
l
2
]
, x2 ∈
[
−L2
2
,
L2
2
]
, x3 ∈
[
−L3
2
,
L3
2
]
, (27)
with L2, L3 ≫ l so we have translation symmetry along x2 and x3. Considering the symmetry,
the HRT surface γB can be parameterized as z = z(x1), and then the holographic entanglement
entropy of B is
SHEE =
V2
2G5
∫ l/2
0
dx1
e3A(z)
z3
√
1 +
z′2
g(z)
, (28)
where V2 ≡ L2L3 and the prime denotes derivative with respect to x1. The HRT surface γB is
determined by extremizing SHEE and thus satisfies the following equation
2gzz′′ +
(
6g − dg
dz
z − 6gdA
dz
z
)
z′2 − 6g2 dA
dz
z + 6g2 = 0. (29)
Generally, there are two kinds of extremal surfaces, one is connected and the other is disconnected.
Which one is the real HRT surface with minimum area depends on l (for details on holographic
entanglement entropy, see Ref. [91]).
The connected one has an U -shape and satisfies the following boundary conditions
z(0) = z∗, z
′(0) = 0, z(±l/2) = 0, (30)
where z∗ is the tip of γB in the bulk. Noting that the Lagrangian in Eq. (28) does not depend on
x1 explicitly, so the associated Hamiltonian H is conserved thus leading to the following relation
e3A(z)
z3
√
1 + z
′2
g(z)
=
e3A(z∗)
z3∗
. (31)
With this relation, we can express the strip length l as a function of z∗
l = 2
∫ z∗
0
dz
z3e−3A(z)√
g(z)[z6∗e
−6A(z∗) − z6e−6A(z)]
, (32)
and the holographic entanglement entropy can be expressed as
SHEEcon =
V2
2G5
∫ z∗
0
dz
z3∗
z3
e3A(z)−3A(z∗)√
g(z)[z6∗e
−6A(z∗) − z6e−6A(z)]
. (33)
And the corresponding subregion complexity can be written as
Ccon =
V2
4πG5
∫ l/2
0
dx1
∫ z(x1)
0
dz
e4A(z)
z4
√
g(z)
. (34)
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In the disconnected case, the U -shaped extremal surface breaks into two pieces with fixed
x1 = ±l/2 hanging from the boundary to the horizon or the center. Then we have
SHEEdiscon =
V2
2G5
[∫ zd
0
dz
e3A(z)
z3
√
g(z)
+
e3A(zd)
2z3d
l
]
. (35)
Cdiscon =
lV2
8πG5
∫ zd
0
dz
e4A(z)
z4
√
g(z)
, (36)
where zd =∞ or zd = zh, depending on whether the bulk geometry is thermal-AdS (TAdS) or AdS
black hole (BH). From the above equations, we can see that for the TAdS phase, the entanglement
entropy of the disconnected surface is independent of ℓ but the corresponding complexity is linear
in ℓ. While for the BH phase, the entanglement entropy of the disconnected surface and its
corresponding complexity are both linear in ℓ. In the following subsections, we will study the
holographic complexity in the two cases mentioned in the last section. Generally, it is not possible to
get analytical results, so we rely on numerical calculations. It should be noted that the integration
in Eqs. (34)(36) are divergent, so we define renormalized complexity density as Cˆ ≡ C−C0V2ℓ where
C0 is some reference value to cancel the divergence. For convenience, from now on we use the
convention that G5 = 1 and all physical quantities are in units GeV.
A. Case I: Standard confinement/deconfinement phases
In the above discussions, we know that the holographic complexity depends on three parameters,
the temperature TH, the chemical potential µ and the length scale ℓ. Let us first discuss its behavior
as varying ℓ in case I.
To calculate the holographic complexity in the two phases, TAdS phase and BH phase, we need
first to find the HRT surface. As we stated above, there generally exists two kinds of competing
extremal surfaces, one is connected and the other is disconnected. In the TAdS phase, for given
temperature and chemical potential, which one is the real minimum surface-the HRT surface,
depends on ℓ. As observed in Ref. [91], there exists a critical value ℓc ≃ 0.951 where a connected-
disconnected transition happens. That is, when ℓ < ℓc, the HRT surface is the connected one;
While ℓ > ℓc, it turns out to be the disconnected one.
In Fig. 3, the renormalized holographic complexity density Cˆ as a function of the length scale
ℓ is plotted. The reference value C0 is chosen as the corresponding complexity of the disconnected
extremal surface. From the figure, we can see that Cˆ experiences three stages as ℓ is increased. First,
it grows quickly, then the growth rate drops sharply around ℓ ∼ 0.4 and after that Cˆ approaches
11
FIG. 3: (color online) Renormalized complexity density Cˆ ≡ C−C0
V2ℓ
as a function of ℓ in the TAdS phase. C0
is the corresponding complexity of the disconnected extremal surface. Here the critical value ℓc ≃ 0.951.
to zero slowly until at ℓc ≃ 0.951 it jumps to zero. The discontinuous of Cˆ at ℓc originates from
the connected-disconnected transition.
Now let us turn to the BH phase. As observed in Ref. [91], for any ℓ, the HRT surface is
always the connected one. In Fig. 4, Cˆ as a function of ℓ for various situations is plotted. Here
the reference value C0 is the corresponding complexity of the disconnected extremal surface. From
the figure, we can see that Cˆ experiences two stages as one increases ℓ, a quickly-growing stage at
small ℓ and then a slowly-growing stage at large ℓ. In the large scale limit ℓ → ∞, the subregion
B approaches the full system, and C = C0 is nothing but the volume of the black hole exterior (up
to an irrelevant factor). Different from that in the TAdS phase, Cˆ is always continuous versus ℓ in
the BH phase.
From the study in the last section, we see that there is a first-order phase transition between the
TAdS phase and BH phase, which is interpreted holographically as a confinement-deconfinement
transition of the dual boundary system. So, let us now move to study the behavior of the holo-
graphic complexity versus the temperature and the chemical potential to see if this phase transition
leaves any imprint on the holographic complexity. The results are shown in Fig. 5. It should be
noted that, for fixed chemical potential, there is a minimum temperature below which no BH so-
lution exists. From this figure and Fig. 1, we can see that the holographic complexity is always
discontinuous at the transition point. However, as the behaviors of holographic entanglement en-
tropy [91], with only the holographic complexity density the transition point can not be pin-pointed
exactly.
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(a) µ = 0 (b) TH/THP = 1.2
FIG. 4: (color online) Renormalized complexity density Cˆ ≡ C−C0
V2ℓ
as a function of ℓ in the BH phase. Left:
The chemical potential is fixed to be zero. Right: The temperature is fixed to be TH/THP = 1.2.
FIG. 5: (color online) The holographic complexity density difference between the TAdS phase and the BH
phase ∆C ≡ CBH−CTAdS
V2ℓ
as a function of the temperature for various chemical potential with fixed ℓ = 0.2.
B. Case II: Specious-confinement/deconfinement phases
Let us now consider case II. In this case, there exists a first-order phase transition be-
tween a SBH and LBH for given chemical potential, and it is interpreted as a specious-
confinement/deconfinement transition holographically.
In the SBH phase, by studying the entanglement entropy at fixed temperature and chemical
potential, it is found that the HRT surface is always connected [91]. However, for a given length
scale ℓ, there are two competing branches of connected extremal surfaces, and which one is the
13
FIG. 6: (color online) The holographic complexity Cˆ ≡ C−C0
V2ℓ
as a function of ℓ in the SBH phase. The
chemical potential is fixed µ = 0. Curves with red, green and blue colors correspond to TH/THP = 0.9, 0.8
and 0.7 respectively.
HRT surface depends on ℓ. There exists a critical value ℓc where the HRT surface sees a transition
between the two branches.
In Fig. 6, the renormalized holographic complexity density as a function of ℓ in the SBH phase
is plotted. The reference value C0 is chosen to be the corresponding complexity of the disconnected
extremal surface. From the figure, we can see that Cˆ exhibits a behavior similar to that in TAdS
phase in case I. Again, Cˆ is discontinuous at ℓc indicating the transition between the two connected
branches.
Now let us turn to discuss the LBH phase. The renormalized holographic complexity density
as a function of ℓ with fixed chemical potential is plotted in Fig. 7. The reference value C0 is again
chosen as the corresponding complexity of the disconnected extremal surface. From the figure,
we can see that Cˆ exhibits a similar behavior as in the BH phase in case I. Again, Cˆ is always
continuous versus ℓ.
In Fig. 8, we show the behavior of Cˆ as varying the temperature for fixed chemical potential to
see if it can respect the Hawking-Page transition between the SBH and LBH phases. The reference
value C0 is chosen to be the corresponding complexity of the disconnected extremal surface in TAdS
background. From the figure and Fig. 1, we can see again that Cˆ exhibits behavior characterizing
the transition. That is, it is discontinuous at the transition point for µ < µc, and continuous for
µ > µc where the first-order SBH-LBH transition turns into a turnover. However, as in case I, the
exact transition temperature can not be pin-pointed with only the help of the behavior of Cˆ.
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FIG. 7: (color online) The holographic complexity Cˆ ≡ C−C0
V2ℓ
as a function of ℓ in the LBH phase. The
chemical potential is fixed µ = 0. Curves with red, green and blue colors corresponds to TH/THP = 1.2, 1.6
and 2.0 respectively.
FIG. 8: (color online) The renormalized holographic complexity density Cˆ ≡ C−C0
V2ℓ
as a function of TH with
fixed ℓ = 0.2. Curves with red, green, blue, brown and cyan colors correspond to µ = 0, 0.1, 0.2, 0.312(µc)
and 0.35 respectively. Solid lines denote stable branches while dashed lines denote unstable branches.
V. SUMMARY AND DISCUSSIONS
In this paper, we investigate the holographic complexity in a holographic QCD model that has
been previously studied thoroughly in Refs. [85–91]. By choosing appropriate forms of the gauge
kinetic function f(φ) and warped factor A(z) as well as values of parameters within, this model
can reproduce the linear vector meson spectrum holographically which agrees well with the lattice
15
results. Also, this model can realise well the confinement-deconfinement transition holographically.
Two choices of the warped factor A(z) are considered, case I and II. In case I, there is a first-order
phase transition between TAdS and AdS BH. While in case II, there is a first-order phase transition
between a SBH and a LBH. Both transitions can be interpreted as confinement-deconfinement
transition of the dual system holographically.
By studying the behaviors of the renormalized holographic complexity density Cˆ versus the
length scale ℓ, we find that in both cases, in the confinement phase (TAdS phase in case I and
SBH phase in case II) there exists a critical value ℓc at which Cˆ experiences a jump and thus is
discontinuous. While in the deconfinement phase (BH phase in case I and LBH phase in case II),
Cˆ is always a continuous function of ℓ. So, whether Cˆ is discontinuous or continuous can be used
to characterize the confinement or deconfinement phases. These behaviors are different from that
of HEE. In Refs. [91], it is found that HEE SHEE is always a continuous function of ℓ for both
confined and deconfined phases. And it distinguishes the two phases by exhibiting different scaling
behaviors versus ℓ. In the confinement phase, one has [97]
∂SHEE
∂ℓ
∝


1
G0
5
= O(N0) for ℓ > ℓc,
1
G5
= O(N2) for ℓ < ℓc.
(37)
While in the deconfinement phase, one always has
∂SHEE
∂ℓ
∝ 1
G05
= O(N0). (38)
We also study the behaviors of Cˆ versus the temperature and the chemical potential to see if
it can respect the confinement-deconfinement transition. We find that Cˆ always shows a behavior
characterizing the transition. More precisely, it is always discontinuous at the transition temper-
ature for µ < µc, and continuous for µ > µc where first-order transition turns into a turnover.
However, it should be noted that the transition temperature can not be pin-pointed with only the
help of the behavior of Cˆ. These behaviors are similar to that of HEE [91].
All our results suggest that, as holographic entanglement entropy, the holographic complexity
density can also be a good parameter to characterize the corresponding phase structures. In this
paper, we only consider the subregion CV conjecture in the semi-analytical holographic QCDmodel.
Whether our claim still holds for other situations, for example for the subregion CA conjecture or
for other holographic QCD models, needs further investigations.
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